Abstract. The strong coupling expansion coefficients for the ordinary and renormalized energies of the ground and first excited states of the quartic, sextic, octic and decadic anharmonic oscillators with the Hamiltonian H = p 2 + x 2 + βx 2m , m = 2,3,4,5 are computed. The expansion coefficients are also computed for higher excited states of the quartic oscillator. The large-order behaviour of the coefficients, the radii of convergence of the series and the summation rules for the coefficients are discussed. It is shown that, in contrast to the divergent weak coupling expansions, the renormalized strong coupling perturbation wavefunctions have simple form and straightforward physical interpretation. Finally, both the strong coupling perturbation approaches are compared.
Introduction
In this paper, we investigate the Schrödinger equation
for the anharmonic oscillators, where
and p =−id/dx. As is well known, the ordinary energy E(β) can be expressed as a weak coupling perturbation series in powers of β,
which diverges for every β>0 (see, e.g., [1] [2] [3] [4] [5] [6] [7] ). The energy E(β) also possesses the strong coupling expansion (see, e.g., [2, 3, 6] )
corresponding to an equivalent Hamiltonian
which can be obtained from equation (2) Alternative perturbative approaches based upon renormalization (Wick ordering [8] or scaling [5, [9] [10] [11] [12] ) have considerable advantages. The renormalization can be introduced by means of a new coupling constant κ related to β by the equation [9] [10] [11] [12] β = κ B m (1 − κ) (m+1)/2 (6) where B m = m(2m − 1)!!/2 m−1 .
This transformation maps the original unbounded interval β ∈ [0, ∞) onto the bounded interval κ ∈ [0, 1) (see also [13] [14] [15] [16] ). With the help of equation (6), the Hamiltonian (2) can be expressed in terms of a renormalized Hamiltonian H R H = H R (1 − κ) 1/2 (8) where
The renormalized energy
can either be expressed as a renormalized weak coupling expansion in κ E R (κ) = 
The weak coupling expansion (11) diverges almost as strongly as the weak coupling expansion (3) [8, 11, 17] . However, the strong coupling expansion (12) has some very useful properties [12, [18] [19] [20] .
For the ground and first excited states of the quartic anharmonic oscillator, we numerically computed 200 coefficients Ŵ n [18] . From these data, we obtained the large-order formula for the Ŵ n coefficients of the quartic oscillator
(K−1)/2 e −2 √ 2n (13) where K = 0, 1, 2,...is the index of excitation. This formula was generalized to an arbitrary m and B m in [19] Ŵ n =− 
For m = 2, the right-hand side of equation (14) has to be divided by e 2 .F o rm=2 ,3 ,4 ,5 and K = 0, 1, we compared equation (14) with the computed coefficients Ŵ n and performed the asymptotic analysis of the ratio of the numerical values of Ŵ n and the values following from equation (14) (see [19] ). The large-order formula (14) was also used in the summation rule 0 = ∞ n=0 Ŵ n = 2K + 1 (17) valid for arbitrary m = 2, 3,.... It was shown in [19] that: (1) Equation (14) can be used at least qualitatively from n of the order of ten; (2) the absolute value of equation (14) is an upper bound to the absolute values of the actual Ŵ n coefficients; (3) the asymptotic behaviour of the numerical coefficients Ŵ n is given by equation (14); (4) the use of equation (14) in the summation rule (17) improves its accuracy, (5) finally, the results of [12, [18] [19] [20] show that, in contrast to the strong coupling expansion (4), the renormalized strong coupling expansion (12) converges for arbitrary m 2, K 0 and κ ∈ (0, 2). The large-order behaviour of the K n coefficients was investigated in [21] , where the largeorder formula for the K n coefficients
where ϕ = arg z K was derived. Here, A and δ are constants, z K denotes the complex squareroot branch point of the energy ǫ(z) of a given state K with the smallest distance to the origin [1] [2] [3] 22 ]
and
. The values of z 0 = z 2 and z 4 of the quartic oscillator are known from [23] . The value of the branch point z 0 is also known for the sextic, octic and decadic oscillators [24] . The importance of the branch point z K follows from the fact that it determines the minimal value of β for which the series (4) converges. It follows from equations (4) and (18) that
It was shown in [24] that the general large-order formula for the K n coefficients reads
where C (α) n (x) are the Gegenbauer polynomials. Further, it was shown in [24] that equation (21) can also be written in the form
where e i and f i are constants. Taking only the leading term proportional to 1/n 3/2 , this equation A general accurate method of calculating the value of the branch point z K from the numerical values of the K n coefficients was suggested in [24] .
The main purpose of this paper is to perform detailed numerical analysis of the convergent strong coupling expansions (4) and (12) and the corresponding wavefunctions which have not been investigated until now. First, we describe the numerical method used for computing the expansion coefficients (section 2). The large-order behaviour of the renormalized strong coupling coefficients Ŵ n , the radii of convergence of the series (12) , the sign pattern of the coefficients, the summation rules for the coefficients and the perturbation wavefunctions are discussed in section 3. In section 4, we discuss the large-order behaviour of the ordinary strong coupling expansion coefficients K n , calculate z K and β min for the final excited state and investigate the perturbation wavefunctions. In the conclusion, both the strong coupling perturbative approaches are compared.
Numerical method
We assume the usual formulation of the perturbation theory
where
The well known equations for the perturbation energies E n and wavefunctions ψ n read
Our numerical method was formulated in [25, 26] and commented in [27] [28] [29] [30] . We assume that equations (27) and (28) are numerically integrated from the point −x 0 to the point x 0 with the boundary conditions
Here, x 0 is a sufficiently large number and d is a constant different from zero. We also assume that the wavefunctions ψ i and perturbation corrections E i are already calculated for i = 0,...,n−1. Then, it follows from equation (28) that the wavefunction ψ n depends not only on the coordinate x but also on the perturbation energy E n taken as a parameter
It was shown in [25, 26] that the function ψ n (E n ,x 0 )is a linear function of the parameter E n ψ n (E n ,
Taking E ′ n = 0 and assuming in agreement with equation (29) ψ n (E n ,x 0 ) = 0 we get the equation for the sought value of E n for which the boundary condition ψ n (x 0 ) = 0 is obeyed:
To compute E n , only the values of the functions ψ n (0,x 0 ) and F(x 0 ) are needed. The value of F(x 0 ), which is independent of n, can easily be calculated from equation (31) for two arbitrarily chosen values of E n and E ′ n , E n = E ′ n and n = 1. Equation (28) can be solved with the usual orthogonalization condition (see our discussion in [26] ):
However, it is obvious that this modification of the algorithm used in [30] has no effect on the values of the energies E n . Thus, as far as the perturbation energies are concerned, the use of equation (33) is not necessary and only increases the computational time. As we show in the following section, the application of equation (33) [18] , only a limited number of these coefficients has been computed [12, 19] . Using the method described in section 2, we are able to compute a large number of the Ŵ n coefficients for an arbitrary oscillator with the Hamiltonian (9) . Since the quartic case was investigated in detail in [18] we limit ourselves to the discussion of the coefficients Ŵ n for the ground and first excited states (K = 0, 1) of the sextic, octic and decadic oscillators (m = 3, 4, 5). According to our experience, the usual computational accuracy does not yield reliable results at large orders of the perturbation theory (n about 100 and larger). For this reason, we used the language Maple with an adjustable number of decimal digits. We used 100 digits accuracy for the sextic oscillator, 125 digits for the octic oscillator and 175 digits for the decadic oscillator. The values of x 0 were taken x 0 = 6.2 for the sextic oscillator, x 0 = 5.9 for the octic oscillator and x 0 = 5.4 for the decadic oscillator. The resulting accuracy of the Ŵ n coefficients is at least 50 digits which is necessary for the reliable computation of the K n coefficients from the Ŵ n coefficients (see section 4.1.1).
Selected coefficients Ŵ n for the ground and first excited states of the sextic, octic and decadic oscillators are shown in tables 1 and 2. Similarly to the Ŵ n coefficients for the quartic oscillator [18] , the first two coefficients for the ground state of the sextic, octic and decadic oscillators are positive. However, in contrast to the quartic oscillator, the ground state coefficient Ŵ 3 is positive for these oscillators. In case of the first excited state, the sign pattern of the Ŵ n coefficients for the sextic, octic and decadic oscillators is the same as for the quartic oscillator. We note that beginning with n = 4 for the ground state and n = 2 for the first excited state, all the coefficients Ŵ n are negative in agreement with the large-order formula (14) .
The accuracy of the computed coefficients Ŵ n can be tested by means of the summation rules [12, 18] 
From the numerically computed coefficients Ŵ n , we can calculate only the partial sums
In tables 3 and 4, the values of
for N = 125 and j = 0, 1 are compared with the exact Table 1 . Selected values of the coefficients Ŵ n for the ground state (K = 0) of the sextic, octic and decadic oscillators (m = 3, 4, 5). 
For K = 0 and K = 1, the coefficient c 1 is given by the equation plus the rest of the sum in which the large-order formula (14) for n = N +1,...,5000 was used. Here, N = 125. plus the rest of the sum in which the large-order formula (14) for n = N +1,...,5000 was used. Here, N = 125.
where |ϕ 0 is the unperturbed ground or first excited state wavefunction of the harmonic oscillator. It is seen from tables 3 and 4 that the difference (N) j − j is always positive in agreement with the negative sign of the coefficients Ŵ n for large n. The agreement of (N) j and j is excellent for the ground state of the quartic oscillator (K = 0 and m = 2). This agreement goes down with increasing m and K as can be seen from equation (14) which shows that the series (12) converges less rapidly with increasing m and K. Comparing the j = 0 and j = 1 results we see that the j = 0 case leads to better agreement than the j = 1 case. Again, this result can be expected because of the increased contribution of the terms with large n in equation (36) in comparison with equation (17) . Similarly to [18, 19] , we also calculated the sums
where we used the numerical values of the Ŵ n coefficients in the first sum and the large-order formula (14) in the second sum. The infinite upper bound in the second sum was replaced by 5000. It is seen that if the second sum is included into the summation rule its accuracy increases about one order. At the same time, the difference LO j − j is negative which shows that the absolute value of the large-order formula (14) is an upper bound to the actual values of the coefficients Ŵ n .
It follows from this discussion that truncating the series (12) at some large n, we get an upper bound to the exact energy E R (κ). If we use the large-order formula (14) in the remainder of the series and add it to the truncated series we get the lower bound.
We also calculated the radius of convergence r of the series (12) (see also [19] ). The ratio |Ŵ n−1 /Ŵ n | appearing in the d'Alembert convergence criterion was computed for the ground and first excited states of the quartic, sextic, octic and decadic oscillators for n = 109,...,125. These values were extrapolated to n →∞by means of the Thiele extrapolation built in Maple (see table 5 ). In the extrapolation, the variable 1/n 1/m appearing in equation (14) was used. It is This test independent of the large-order formula (14) confirms that the renormalized strong coupling expansion (12) converges for κ ∈ (0, 2). It agrees with our conclusions in [18] [19] [20] .
Excited states of the quartic oscillator.
We investigated the coefficients Ŵ n for higher excited states of the quartic oscillator for K = 2,...,10 (see table 6 ). It is seen that the coefficients Ŵ n are, except for the n = 0, K = 2,...,10 and n = 1, K = 2 cases, negative. With increasing n, their behaviour can approximately be described by equation (14) . However, the relative difference of the numerical values of Ŵ n and equation (14) increases rapidly with increasing K. To achieve better agreement of the values of Ŵ n and equation (14) it would be necessary to take into account corrections to the leading term as it was done in [18, 19] or to go to very large n. The absolute value of the Ŵ n coefficients for n = 100 is still relatively large. To get lower absolute values of the coefficients for large n it would be necessary to take another value of the constant B m = 3 which was optimized for the ground state [10] . We also verified that these coefficients Ŵ n obey the summation rule (17) and that the expansion (12) converges for κ ∈ (0, 2) (see also [19, 20] ).
Wavefunctions ψ n
To the best of our knowledge, the wavefunctions of the anharmonic oscillator were investigated in [31] only, where the ground state wavefunctions for the quartic oscillator with the Hamiltonian H were investigated by means of the optimized δ expansion. For this reason, we decided to perform detailed analysis of the wavefunctions here. Our approach is more straightforward and transparent than that used in [31] .
First we note that the form of the wavefunctions ψ n depends on the form of the initial conditions and on the fact of whether or not the orthogonality condition (33) is applied. We found that the functions ψ n have a simpler form with a straightforward interpretation if this condition is not applied.
In our calculations, we used the following initial conditions for the unperturbed wavefunction ψ 0 :
for even parity states (K = 0, 2,...) and
for odd parity states (K = 1, 3,...). For the perturbation corrections ψ n to ψ 0 we used the conditions
The wavefunctions ψ n for the ground state of the quartic oscillator are shown in figure 1 . Because of the symmetry of the wavefunctions, only the x>0 part of the functions is shown.
Neither the functions ψ n nor the resulting wavefunction ψ are normalized. The first few overlap integrals S 0n = ψ 0 |ψ n for the ground state equal S 00 = 1.13, S 01 =−0.046, S 02 = 0.0038, S 03 = 0.000 31, S 04 = 0.000 18, S 05 = 0.000 092. We see that the functions ψ n are 'almost orthogonal' and the overlap integrals are, except for S 01 , positive.
It is seen from figure 1 that the perturbation series for the renormalized wavefunction
has a very simple physical interpretation. The function ψ 0 corresponds to the Hamiltonian H 0 , where H 0 = p 2 + x 4 /3. The wavefunction ψ R corresponding to the Hamiltonian
2 − x 4 /3 has to decay less slowly than the function ψ 0 . Therefore, the function ψ 1 is first negative and then positive. Then, the function ψ 2 corrects the behaviour of the function ψ 0 in more detail. It is seen from figures 1(a) and (b) that the ground state function ψ 2 has a minimum at the point where ψ 1 changes its sign. Beginning from n 3 (see figures 1(b)-(d)), the functions ψ n have very simple form. They are positive for all x, their maximum shifts with increasing n to larger values of x and the value of their maximum goes down. With increasing n, smaller corrections (1 − κ) n ψ n to ψ R in the region more distant from the origin are obtained. Therefore, truncating the perturbation series (42) one can make the error caused by the truncation arbitrarily small.
From the form of the functions ψ n , we can understand the signs of the Ŵ n coefficients for the ground state of the quartic oscillator.
The function ψ 0 shown in figure 1(a) is the ground state solution of the Schrödinger equation with the Hamiltonian H 0 . The corresponding eigenvalue Ŵ 0 = 0.735 21 [18] must lie above the minimum of the potential and, therefore, must be positive.
The first energy correction is given by the well known equation
where W 0n = ψ 0 |H 1 |ψ n . Taking into account that the potential H 1 is positive for x ∈ (0, √ 3) and the function ψ 0 decays rapidly for x> √ 3 we see that the coefficient Ŵ 1 has to be positive in agreement with Ŵ 1 = 0.277 05 [18] .
Further coefficients Ŵ n are given by the equation following from equation (28):
For n = 2, the function ψ 1 is negative for small x>0 (see figure 1(b) ) so that W 01 =− 0 . 025 is also negative. Taking into account the values of W 01 , S 00 , S 01 and Ŵ 1 in equation (44) for n = 2 we get the negative value of Ŵ 2 in agreement with Ŵ 2 =−0.011 178 [18] .
Because of the form of the wavefunctions ψ n (see figure 1(b)-(d) and the discussion above) and the form of the potential H 1 the matrix elements W 0,n−1 are positive for n = 3 and negative for n>3. At the same time, the sum n−1 i=1 Ŵ i S 0,n−i is positive for n 3. Thus, the sign of the coefficient Ŵ 3 depends on the absolute values of these terms. It is negative for the ground and first excited states of the quartic oscillator and the first excited state of the sextic, octic and decadic oscillators (see [18] and table 2). However, it is positive for the ground state of the sextic, octic and decadic oscillators (see table 1 ).
For n 4, the term W 0,n−1 is negative. It is consequence of the fact that the functions ψ 0 and ψ n , n 2 have positive values and the functions ψ n , n>2 have maximum in the region where the perturbation potential H 1 becomes negative (see above). Since both the terms W 0,n−1 and − n−1 i=1 Ŵ i S 0,n−i are negative the coefficients Ŵ n are for n>4 negative. The main arguments of this discussion also apply for the excited states and for the higherorder oscillators with m = 3, 4, 5 where the perturbation potential H 1 = x 2 − x 2m /B m and the wavefunctions ψ n have analogous form.
Ordinary strong coupling case
4.1. Coefficients K n 4.1.1. Ground and first excited states. The coefficients K n can be computed by the method described in section 2. They can also be computed from the Ŵ n coefficients via the equations [32] 
following from the comparison of the series (4) and (12). We note that the coefficient K n depends on the coefficients Ŵ 0 ,...,Ŵ n and vice versa. With increasing n, the K n coefficients go to zero more quickly than the Ŵ n coefficients and cancellation of large terms in equation (46) requires very high computational accuracy. In our calculations, we used 250 decimal digits accuracy. The accuracy of the energy E(β) given by equation (4) is similar to that achieved in [33, 34] by means of the numerical integration of the Bloch equation (about 70 digits for β = 1). Until now, only a small number of the K n coefficients have been computed (see e.g. [12, 21, 30, 32, [35] [36] [37] [38] ). For this reason, we calculated the K n coefficients for the ground and first excited states of the quartic, sextic, octic and decadic oscillators (see tables 7 and 8). We note that the absolute values of these coefficients go down with increasing n more rapidly than in case of the Ŵ n coefficients (cf tables 7 and 8 with tables 1 and 2 and [18] ). With increasing m and K, the coefficients K n go down more quickly than for the ground state of the quartic oscillator (m = 2 and K = 0). It is seen that about 20 first terms of the series (4) are sufficient to achieve very high accuracy of the energy (4) for β 1.
The large-order analysis of the ground state K n coefficients (table 7) was performed in [24] . Here, also we perform a similar analysis for the first excited state (table 8) . The corresponding values of the branch points z 0 , β min and the constants c 1 ,...,c 4 in equation (21) are given in table 9. It is seen that the values of the coefficients c i go down with increasing i so that our restriction to a few terms in the expansion (21) is justified. The coefficients c i depend slightly on n 0 so that their values are less reliable than the values of z K and β min . Because of the prefactor β 1/(m+1) in equation (4) which goes to zero for β → 0, the expansion n K n β −2n/(m+1) must diverge for β → 0 when E(0) = 2K + 1. It is seen from table 9 that β min goes down with increasing m in agreement with the behaviour of the prefactor β 1/(m+1) which goes to zero more slowly if m is increased.
Excited states of the quartic oscillator.
In contrast to the Ŵ n coefficients, dependence of the coefficients K n on m and K is more complex. To clarify their K-dependence, we computed 100 K n coefficients for higher excited states (K = 2,...,10) of the quartic oscillator (see table 10 ). It is seen that the coefficients K n for large K go down with increasing n more rapidly than the coefficients Ŵ n shown in table 6. Table 6 . Selected values of the coefficients Ŵ n for the excited states (K = 2,...,10) of the quartic oscillator. Table 8 . Selected values of the coefficients K n for the first excited state (K = 1) of the quartic, sextic, octic and decadic oscillators (m = 2, 3, 4, 5). We investigated also the large-order behaviour of the K n coefficients. Our numerical calculations (see tables 7 and 10) show that the large-order coefficients K n for K = 0 and K = 2 obey with a high accuracy the relation
We verified that, in agreement with [23] , the values of the branch points z K and β min are the same for K = 0 and K = 2. At the same time, the coefficients c (48) , 3, 4, 5) . The values of the coefficients c i were calculated by the method described in [24] for n = n 0 . For K>3, the large-order behaviour of the K n coefficients can be described by equations (18) or (21) only approximately. To suppress the contribution of the other branch points [23] it would be necessary to consider n much larger than 100 or to generalize equation (21) to a larger number of the branch points.
Wavefunctions ψ n
The wavefunctions ψ n for the ground state of the quartic oscillator corresponding to H 0 = p 2 + x 4 , H 1 = x 2 and λ = β −2/(m+1) are shown in figure 2. First we note that, in contrast to the functions ψ n in the renormalized case (figure 1), the functions ψ n in figure 2 change their sign. It is seen that maxima or minima of these functions shift with increasing n to larger values of x, however, this shift is less significant than in the renormalized case. Finally, we see that the norm of the functions ψ n in figure 2 goes to zero with increasing n more rapidly than for the functions in figure 1 .
Thus, the resulting situation is more complex than in the renormalized case. Terms in the equation for the K n coefficients analogous to equation (44) have different signs and their cancellation can be expected. As a result, different signs of the K n coefficients and rapidly decreasing absolute values of the coefficients with increasing n are obtained (see tables 7 and 8).
Conclusions
In this paper, we performed detailed numerical analysis of the convergent strong coupling expansions (4) and (12) of the energies E(β) and E R (κ) for the anharmonic oscillators. Except for the expansion coefficients Ŵ n and K n , we also discussed the corresponding perturbation wavefunctions.
The ground and first excited states of the quartic, sextic, octic and decadic oscillators were investigated. The higher excited states of the quartic oscillator were also discussed.
For these cases, the expansion coefficients Ŵ n and K n , the large-order formulae for the coefficients, the radii of convergence of the perturbation series, the perturbation wavefunctions and the summation rules were investigated.
The properties of the renormalized strong coupling expansion (12) can be summarized as follows:
• This expansion converges for all κ ∈ (0, 2); it means that it converges for all β ∈ (0, ∞) corresponding to κ ∈ (0, 1) and for the double-well potentials V(x)=κx 2m /B m − (κ − 1)x 2 in the renormalized Hamiltonian H R corresponding to κ ∈ (1, 2).
• The large-order formula (14) is analytic. It is at least qualitatively applicable from n of the order of ten. Table 10 . Selected values of the coefficients K n for the excited states (K = 2,...,10) of the quartic oscillator. • Truncation of the series (12) yields the upper bounds to the exact value of the energy E R (κ).
• The sum of the truncated series plus the remainder of the series in which equation (14) is used gives the lower bounds to the energy E R (κ).
• The perturbation wavefunctions ψ n have a simple form which clarifies the sign pattern of the Ŵ n coefficients. Truncating the perturbation series (42) one can make the error caused by the truncation arbitrarily small.
• The transformation (6) and the large-order formula (14) depend on the constant B m .
The value (7) of this constant which was optimized for the ground state leads to slower convergence of the series (12) for higher excited states. For these states, another value of the constant B m can be taken to improve the convergence of the series (12) .
In comparison with the renormalized strong coupling expansion (12) , the ordinary strong coupling expansion (4) has the following properties:
• The expansion converges for all β ∈ (β min , ∞) corresponding to z ∈ (0, |z K |) in equation (19) . This series converges also for z ∈ (−|z K |, 0) corresponding to the doublewell potential V(x) = x 2m −|z|x 2 . The value of β min decreases with increasing m and K.
• The large-order formula (21) depends on the branch point z K and coefficients c i which are not known analytically.
• The application of this formula to higher excited states is possible for very large n only; for smaller n, the extension of equation (21) to larger number of the branch points is necessary.
• Truncation of the series (4) does not give the upper or lower bounds to the energy E(β).
• The perturbation wavefunctions have a more complex form than in the renormalized case and have a less straightforward interpretation.
• With increasing n, the perturbation coefficients K n go to zero more rapidly than the coefficients Ŵ n . However, it does not necessarily mean more rapid convergence of the series (4) with respect to the series (12) since it also depends on the values of the expansion variables β −2/(m+1) and 1 − κ.
Our results show that the renormalized strong coupling expansion (12) is the most advantageous perturbative approach to the anharmonic oscillators. At the same time, it represents a non-trivial example of the perturbation theory which converges for all values of the coupling constant β>0 and has some other useful properties. Since the anharmonic oscillators are important model systems not only in quantum mechanics and quantum field theory but also in many applications (see e.g. [39] [40] [41] [42] ), we believe that our results contribute to a deeper understanding of the large-order perturbation theories in general.
